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ABSTRACT 

     In this paper, we contribute some new results for Heronian Mean labeling of graphs. We have 

already proved that subdivisions of Heronian Mean Graphs are again Heronian Mean Graphs. We use 

some more standard graphs to derive the results of Heronian Mean labeling for subdivision of graphs. 

A graph G = (V, E) with p vertices and q edges is said to be a Harmonic mean graph if it is possible to 

label the vertices xV with distinct labels f(x) from 1, 2, , q+1 in such a way that when each edge e 

=uv is labeled with f(e = uv) =       ( )  ( ) 2 ( ) ( ) f u f v f u f v (or)       ( )  ( ) 2 ( ) ( ) f u 

f v f u f v , then the edge labels are distinct. In this case f is called Harmonic mean labeling of G. In 

this paper we prove the Harmonic mean labeling behavior for some special graphs.  
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1. INTRODUCTION 

     In this paper, we consider only finite, simple and undirected graphs. Let G(V,E) be a graph with p 

vertices and q edges. For notations and terminology we follow [1]. In a graph G, the subdivision of an 

edge uv is the process of deleting the edge uv and introducing a new vertex w and the new edges uw 

and vw. If every edge of G is subdivided exactly once, then the resultant graph is denoted by S(G) and 

is called the subdivision graph of G. For example, a star 𝐾1,5 and its  subdivision graph S(𝐾1,5). 

The   union  of   two   graphs  𝐺1  and   𝐺2   is  a  graph   𝐺1 ∪ 𝐺2  with  vertex set 𝑉(𝐺1∪𝐺2)=𝑉(𝐺1) ∪ 

𝑉(𝐺2) and 𝐸(𝐺1∪𝐺2)=𝐸(𝐺1) ∪ 𝐸(𝐺2).𝑚𝐺  denotes the disjoint union of m copies of G. Bistar 𝐵𝑛, m  is 

the graph obtained from  𝐾1,𝑛  ∪  𝐾1,𝑚 by joining the central vertices of  𝐾1,𝑛 and  𝐾1,𝑚 by means of an 

edge. The newly added edge is called the central edge of 𝐵𝑛,m.  

An assignment 𝑓:𝑉(𝐺)→{0,1,2,…,𝑞} is called a mean labelling if whenever each edge  𝑒=𝑢v 

is labeled with  [
2f(u)f(v)

2
]  if 𝑓(𝑢)+𝑓(v)  is even and  [ 

f(u)+f(v)+1

2
] if f(u)+f(v) is odd ,then the resulting 

edge labels are all distinct.Any graph that admits a mean labelling is called a mean graph. Many 

results on mean labelling have been proved in [4] and [5]. In a similar way, [6] have introduced the 

concept of harmonic mean labelling of a graph. 

  An assignment  𝑓:𝑉(𝐺)→{1,2,…,𝑞+1}  is called a harmonic mean labelling. If whenever 

each edge 𝑒=𝑢v is labeled with ⌈
2𝑓(𝑢)𝑓(𝑣)

𝑓(𝑢)+𝑓(𝑣)
⌉ 𝑜r ⌊

2𝑓(𝑢)𝑓(𝑣)

𝑓(𝑢)+𝑓(𝑣)
⌋then the edge labels are distinct. Any graph 

that admits a harmonic mean labelling is called a harmonic mean graph. 

More results on harmonic mean labelling have been proved in [7].A well collection of results on 

graph labelling has been done in the survey [2].  

In this paper, we establish the harmonic mean labelling of some standard graphs like 

subdivision of star (𝐾1,), subdivision of bistar (𝐵𝑛,),the disconnected graph 𝑆(𝐾1,𝑛) ∪ 𝑘𝐶𝑚 etc. 

 By a graph, we mean a finite undirected graph without loops or multiple edges. The vertex 

set is denoted by V(G) and the edge set is denoted by E(G). 
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A cycle of length n is Cn and a path of length n is denoted by Pn. For all other standard 

terminology and notations we follow Harary [1]. 

We introduce Harmonic mean labelling of graphs in [3] and studied their behavior in [4], [5] 

and [6]. In this paper, we investigate Harmonic mean labelling for some special graphs. The definition 

and other information which are useful for the present investigation are given below.  

   

2. PRELIMINARY DEFINITION  

Definition 1.1: 

A graph G= (V,E) with p vertices and q edges is called a Harmonic mean graph  if  it  is  

possible  to  label  the  vertices  x∈V  with  distinct  lables  from  1,2…q+1  in such a way that wheh 

edge e=uv is labeled with f(e=uv)= [
2f(u)f(v)

f(u)f(v)
] then the edge labels are distinct. In this case, f is called 

a Harmonic mean labelling of G.  

Definition 1.2: 

Let v be a vertex of a graph G. Then the duplication of v is a graph G(v) obtained from G by 

adding a new vertex v’with  N(v′)=N(v).  

Definition 1.3:  

Let e=uv be an edge of G. Then duplication of an edge  e=uv is  a graph G(uv) obtained 

from G by adding a new edge u′v′ such that N(u′)=N(u)∪{v′}-{v} and  N(v′)= N(v)∪{u′}-{u}  

Definition 1.4: 

Consider two copies of Cn, connect a vertex of first coy to a vertex of second copy with a new 

edge, the new graph obtained is called joint sum of Cn. 

Definition 1.5: 

Let u and v be two distinct vertices of a graph G. A new graph G1is constructed by identifying 

two vertices u and v by a single vertex w is such that every edge which was incident with either u or v 

in G is not incident with w in G. 

 

3. HARMONIC MEAN LABELLING OF SOME 

CYCLE RELATED GRAPHS 

Theorem 2.1:  

The  graph  obtained  by  duplicating  an  arbitrary  edge  in  cyclen is  a Harmonic mean 

graph.  

Proof: 

Let Cn= v1v2….vnv1 be the cycle.  

Let e′= u1′u2′ be the duplicated edge of e= u1u2  

Now we define f: V(G(u1u2)) →{1,2….q+1} by  

f(u1)  = 1 

 f(u2) = 2  

 f(u3) = 3 

 f(ui) = i+1, 4 ≤  i ≤ n 

 f(u1′) = n 

 f(u2′) = n+1  

Hence f is a Harmonic mean labelling of duplicated graph G(u1u2) 

Example 2.2: 

The following is the harmonic mean labelling of C9(u1u2) 
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HARMONIC MEAN LABELLING OF SUBDIVISION AND RELATED GRAPHS 

Theorem 3.1 

The disconnected graph (𝐾1,n) ∪ 𝑘𝐶𝑚 is a harmonic mean graph for  

1 ≤ 𝑛 ≤ 5, 𝑚≥3 and k ≥0 

Proof 

Let  𝑉(𝑆(𝐾1,𝑛)∪ 𝑘𝐶𝑚)={v; 𝑢1,𝑢2,…,𝑢𝑛;v1,v2,…,v𝑛;𝑤11,𝑤12,…,𝑤1𝑚; 

𝑤21,𝑤22,…,𝑤2𝑚;…𝑤𝑘1,𝑤𝑘2,…,𝑤𝑘𝑚} and  

𝐸(𝑆(𝐾1,𝑛)∪𝑘𝐶𝑚)={v𝑢𝑖,u𝑖v𝑖|1≤𝑖≤𝑛}∪[𝑈𝑖=1
𝑘 ((𝑈𝑗=1

𝑀−1{Wij Wij+1  })U{WimWi1}]. 

Here 𝑝=2𝑛+𝑘𝑚+1 and 𝑞=2𝑛+𝑘𝑚. 

Define a function  𝑓: 𝑉(𝑆(𝐾1,𝑛) ∪ 𝑘𝐶𝑚)→{1,2,…,𝑞+1}  by  

f(v) = 2𝑛+1; 

f(ui) = 𝑛+𝑖 ,1 ≤ 𝑖 ≤ 𝑛;   

f(vi) = 𝑛+1−𝑖 ,1 ≤ 𝑖 ≤ 𝑛 and 

f(𝑤𝑖j)  = (2𝑛+1)+(𝑖−1)𝑚+𝑗,1 ≤ 𝑖 ≤ 𝑘,1 ≤ 𝑗 ≤ 𝑚. 

Then the induced edge labels of (𝐾1,) are given below:                                                                            

𝑓∗(𝑢𝑛𝑣𝑛) = 1; 

𝑓∗(uivi) = 𝑛+1+𝑖,1 ≤ 𝑖 ≤ 𝑛;  
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𝑓∗(𝑢i𝑣𝑖) = 𝑛+2−𝑖,1 ≤ 𝑖 ≤  𝑛−1; 

and the set of all edge labels of 𝑘𝐶𝑚 is {2(𝑛+1),2𝑛+3,…,2𝑛+𝑘m+1}. 

Therefore the set of all edge labels of (𝐾1,) ∪ 𝑘𝐶𝑚 is 

 {1, 3, 4 ….2𝑛+𝑘m+1}. 

Hence (𝐾1,) ∪ 𝑘𝐶𝑚 is a harmonic mean graph for 1 ≤ 𝑛 ≤ 5,≥0  and m≥3.  

Hence the theorem. 

 

Theorem 3.2 

The disconnected graph (𝐵3,4) ∪ 𝑘𝐶𝑚  is a harmonic mean graph for 𝑘≥0  and  m≥3.  

Proof: 

  Let 𝑉(𝑆(𝐵3,4)∪𝑘𝐶𝑚)={𝑢;𝑢1,𝑢2,…,𝑢3;𝑣1,𝑣2,…,𝑣3;𝑦;𝑥;𝑥1,𝑥2,…,𝑥4; 

𝑦1,𝑦2,…𝑦4;𝑤11,𝑤12,…,𝑤1𝑚;𝑤21,𝑤22,…,𝑤2𝑚;…𝑤𝑘1,𝑤𝑘2,…𝑤𝑘𝑚} .and 

 𝐸(𝑆(𝐵𝑛1,𝑛2) ∪ 𝑘𝐶𝑚)={ 𝑢𝑖𝑣𝑖,𝑢𝑣𝑖,𝑢𝑦,𝑦𝑥,𝑥𝑥,𝑥𝑗𝑦𝑗| 1 ≤ 𝑖 ≤ 3 , 1 ≤ 𝑗 ≤ 4}∪ 

[𝑈𝑖=1
𝐾  ((𝑈𝑗=1

𝑚−1{𝑤𝑖𝑗𝑤𝑖𝑗+1) ∪ {𝑤𝑖𝑚 𝑤𝑖1})]. 

Here p =17+𝑘m and q =16+𝑘m. 

Define a function f :((3,4) ∪ 𝑘𝐶𝑚) →{1,2,…,𝑞+1}  by  

f(𝑢) = 7; 

f(𝑢𝑖) = 3+ ,1 ≤ 𝑖 ≤ 3; 

f(𝑣𝑖) = 4−𝑖 ,1 ≤ 𝑖 ≤ 3; 

f(𝑦) = 8; 

f(𝑥) = 17; 

f(𝑥𝑗) = 12+𝑗,1 ≤ 𝑗 ≤ 4; 

f(𝑦𝑗) = 8+𝑗,1 ≤ 𝑗 ≤ 4 and 

f(𝑤𝑖𝑗) = 17+(𝑖−1)m+𝑗,1 ≤ 𝑖 ≤ 𝑘,1 ≤ 𝑗 ≤ m. 

 Then the induced edge labels of (𝐵3,4) are given below: 

𝑓∗(𝑢𝑛𝑣𝑛) = 1; 

𝑓∗ (𝑢𝑖v𝑖) = 4+𝑖,1 ≤ 𝑖 ≤ 3;  

𝑓∗(𝑢i𝑣𝑖) = 5−𝑖,1 ≤ 𝑖 ≤  2;  

𝑓∗(𝑢v) = 8; 

𝑓∗(𝑢𝑦) = 9; 

𝑓∗(x𝑗) = 13+𝑗,1 ≤ 𝑗 ≤ 4;  

𝑓∗(x𝑗y𝑗) = 9+𝑗,1 ≤ 𝑗 ≤ 4;  

and the set of all edge labels of 𝑘𝐶𝑚  is  {18,19,…,17+𝑘m}.  

Therefore the set of all edge labels of  𝑆(𝐵3,4) ∪ 𝑘𝐶𝑚 is  { 1,3,4,….17+𝑘m }. 
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Hence (𝐵3,4) ∪ 𝑘𝐶𝑚  is a harmonic mean graph for 𝑘≥0 and m≥3.  

Hence the theorem. 

As an example harmonic mean labelling of (𝐵3,4) ∪ 3𝐶4  

 
Theorem 3.3                                                

The graph  𝑃𝑛
∗ ∪ 𝑘𝐶𝑚 is a harmonic mean graph for 𝑘≥0, m≥3 and 𝑛≥2. 

Proof: 

Let 𝑉 (𝑃𝑛
∗∪𝑘𝐶𝑚) = {𝑣1,𝑣2,…,𝑣𝑛;𝑢1,𝑢2,…,𝑢𝑛−1;𝑤11,𝑤12,…,𝑤1𝑚; 

𝑤21,𝑤22,…,𝑤2𝑚;𝑤𝑘1,𝑤𝑘2,…,𝑤𝑘𝑚}and 

  E (𝑃𝑛
∗) = {v𝑖𝑣𝑖+1; 𝑣𝑖𝑢𝑖; 𝑢𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛−1 ; 𝑢𝑖𝑢𝑖+1 | 1 ≤ 𝑖 ≤   𝑛−2} ∪[𝑈𝑖=1

𝑘 ((𝑈𝑗=1
𝑚−1 {𝑤𝑖j 𝑤𝑖j+1}) 

∪ {𝑤𝑖𝑚w𝑖1})]. 

Here 𝑝 = 2𝑛+𝑘𝑚−1 and q = 4𝑛−5+𝑘𝑚. 

Define a function f :(∗
𝑛 ∪ 𝑘𝐶𝑚)→{ 1 ,2,…,𝑞+1} by 

f(𝑣𝑛) = 4(𝑛−1); 

f(𝑣𝑖) = 4𝑖−3,1 ≤ 𝑖 ≤ 𝑛−1;  

f(𝑢𝑖) = 4𝑖−1,1 ≤ 𝑖 ≤ 𝑛−1  and 

f(𝑤𝑖j) = 4(𝑛−1)+(𝑖−1)𝑚+𝑗,1 ≤ 𝑖 ≤ 𝑘,1 ≤ 𝑗 ≤ 𝑚. 

Then the induced edge labels of  𝑃𝑛
∗ are given below: 

𝑓∗(𝑣𝑖𝑣𝑖+1) = 4𝑖−2, 1≤ 𝑖≤ 𝑛−1; 

𝑓∗(𝑢𝑖𝑢𝑖+1) = 4𝑖,    1 ≤ 𝑖 ≤ 𝑛−2; 

   𝑓∗(𝑣𝑖𝑢𝑖) = 4𝑖−3, 1 ≤ 𝑖 ≤ 𝑛−1;  

𝑓∗(𝑢𝑖𝑣𝑖+1) = 4𝑖−1, 1 ≤ 𝑖 ≤ 𝑛−1; 

and the set of all edge labels of 𝑘𝐶𝑚 is { 4𝑛 −3,4𝑛−4,…,4(𝑛−1)+𝑘𝑚 }. 

Therefore the set of all edge labels of 𝑃𝑛
∗∪ 𝑘𝐶m is  

{1,2,3…,4(𝑛−1)+𝑘𝑚 }. 

Hence 𝑃𝑛
∗ ∪ 𝑘𝐶𝑚 is a harmonic mean graph for 𝑘≥0, m≥3 and 𝑛≥2.  
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Hence the theorem.  

K-HARMONIC MEAN LABELLING OF SOME GRAPHS 

Theorem 

The path 
nP  a k-harmonic mean graph for all k and .2n  

Proof  

Let }1;{)( nivPV in   and  

 }11;,{)( 1   nivvePE iiin  

Define a function },.......,2,1,{)(: qkkkkPVf n   by 

 niikvf i  1,1)(  

Then the induced edge labels are  

11,1)(*  niikef i   

The above defined function f  provides k-harmonic mean labelling of the graph. 

  Hence 
nP  is a k-harmonic mean graph. 

Theorem:  

 The Twig graph nT  is k-harmonic mean graph for all .3n  

Proof: 

 Let 21;,,10;{)(  niwunivTV iiin and  

20;,21;,{)( 1   nivvniwvuvTE iiiiiin
 

The ordinary labelling is 

  

u1 u2 un 3 un 2 

 

v0 v1 v2 vn 3 vn 2        

     w1 w2 wn 3 wn 2 

First we label the vertices as follows 

Define the function },......,2,2,{)(: qkkkkTVf n   by 

kvf )( 0  

,23)(  ikvf i  for 11  ni  

,13)(  ikwf i for 21  ni  

,3)( ikuf i 
 
for 21  ni  

Then the induced edge labels are 

,3)( 1

* ikvvf ii  for 20  ni  

,13)(*  ikuvf ii for 21  ni  

,23)(*  ikwvf ii for 21  ni  

The above defined function f provides k-harmonic mean labelling of the graph. 
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CONCLUSION 

In this paper we discuss Harmonic mean labelling behaviour of some cycle related graphs such as 

duplication, joint sum of the cycle and identification of cycle. Also we investigate Harmonic mean 

labelling behaviour of Alternate Triangular Snake A(Tn), Alternate Quadrilateral Snake A(Qn).In this 

paper, we establish harmonic mean labels of some well known subdivision graphs and some 

disconnected graphs.In this paper we prove the Harmonic mean labelling behaviour for some special 

graphs. In this paper, we establish the harmonic mean labelling of some standard graphs like 

subdivision of star (𝐾1,), subdivision of bistar (𝐵𝑛,),the disconnected graph 𝑆(𝐾1,𝑛) ∪ 𝑘𝐶𝑚. 
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